Published by Institute of Physics Publishing for SISSA/ISAS Received: July 31, 2003 Accepted: August 29, 2003

The fuzzy disc

Fedele Lizzi, Patrizia Vitale and Alessandro Zampini

Dipartimento di Scienze Fisiche, Università di Napoli Federico II and INFN, Sezione di Napoli Monte S. Angelo, Via Cintia, 80126 Napoli, Italy E-mail: fedele.lizzi@na.infn.it, patrizia.vitale@na.infn.it,

alessandro.zampini@na.infn.it

Abstract: We introduce a finite dimensional matrix model approximation to the algebra of functions on a disc based on noncommutative geometry. The algebra is a subalgebra of the one characterizing the noncommutative plane with a ∗ product and depends on two parameters N and θ. It is composed of functions which decay exponentially outside a disc. In the limit in which the size of the matrices goes to infinity and the noncommutativity parameter goes to zero the disc becomes sharper. We introduce a laplacian defined on the whole algebra and calculate its eigenvalues. We also calculate the two-points correlation function for a free massless theory (Green’s function). In both cases the agreement with the exact result on the disc is very good already for relatively small matrices. This opens up the possibility for the study of field theories on the disc with nonperturbative methods. The model contains edge states, a fact studied in a similar matrix model independently introduced by Balachandran, Gupta and Kürkçüoǧlu.

Keywords: Lattice Quantum Field Theory, Chern-Simons Theories, Non-Commutative Geometry, Matrix Models.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep082003057 /jhep082003057 .pdf

Contents

1. Introduction 1

2. The noncommutative plane as a matrix algebra 2

3. The fuzzy disc subalgebra 5

4. Fuzzy derivatives and fuzzy laplacians 8

5. Free field theory on the fuzzy disc: Green’s functions 10

6. Conclusions and outlook 11

A. Conversions between different bases 12

1. Introduction

Noncommutative Geometry [1]–[4] provides the possibility to describe also ordinary geometries approximating the fields defined on them with finite (matrix) algebras. The archetype of these fuzzy spaces is the fuzzy sphere [5]. Along the same lines other fuzzy spaces have been built [6, 7, 8]. There is also the fascinating possibility that the very structure of spacetime at ultrashort length scales might be fuzzy, with a dramatic drop of degrees of freedom at short distances with its consequences on the ultraviolet structure. As additional example matrix models in noncommutative geometry also provide a way [9] to ask questions (for the moment in a toy model) like the number of points or the average dimension of the universe, questions which was unthinkable to ask in the usual context.

The fuzzy approximation is in some sense similar to the usual lattice one, in that a continuous action is substituted by a model with a finite number of degrees of freedom, thus enabling the possibilities to solve field theories with a approximate path integral formalism. In the limit in which matrices become large the approximation improves. However there are some fundamental differences. One advantage of the fuzzy approximation over the usual lattice is that the basic symmetries of the space at hand are preserved, thus fuzzy spheres are SO(3) invariant, fuzzy tori are translationally invariant etc. The original spaces are recovered when the size of the matrices goes to infinity. In this sense noncommutative geometry, and fuzzy spaces in particular, naturally lead to matrix models [10, 11], which can approximate both commutative and noncommutative spaces. The study of field theory on these spaces with numerical methods has started [12, 13, 14] and seems very promising. In particular the authors of [15] solve exactly, on the Moyal plane, a matrix model which has similarities with the one presented in this paper for the disc. The finite matrix

– 1 – model can also be useful as a cutoff for renormalization, as advocated for example in [16]. The connections between finite matrix algebras coming from a noncommutative plane and finite geometries has been noted in [17] in the context of noncommutative Chern-Simons theory [18] as a “quantum Hall droplet”, while the connection between the projectors we use and the disc appears in [19, 20]. A model which has several points in common with ours has been independently developed by Balachandran, Gupta and Kürkçüoǧlu [21] in a matrix model which represents the edge currents of a Chern-Simons theory on an infinite strip. The difference between our model and theirs lies mainly in the way the limit is performed.

In this paper we present a fuzzy approximation to the two-dimensional disc. We hasten to add that although the root of the approximation lies in noncommutative geometry (or even earlier, in quantization) the space of functions being approximated is a normal commutative space of functions. In the limit in which matrices become infinite the noncommutativity disappears^1. Another important aspect of the model is that, while in the lattice approximation the functions, and hence the correlations, can be calculated only at a finite set of points, in the fuzzy approximation presented here approximate functions have values at all points on the plane. We will argue that the matrix model we present corresponds to a theory on a disc in a variety of ways. We start in section 2 with a brief reminder of the noncommutative plane in the form which is useful for our purposes, which makes evident the map between functions on the plane and infinite matrices. In section 3 we introduce the fuzzy disc, a particular finite matrix subalgebra and we argue that the corresponding functions have mainly support on a disc and decrease exponentially outside it. As the size of matrices increases the boundary becomes sharper. We also discuss the form that the ultraviolet-infrared mixing takes in this case and argue the presence of edge states. In order to show that the algebra we are proposing actually corresponds to a disc, in section 4 we introduce derivatives and laplacians and compare the spectrum of the latter in the continuum and in the finite approximation. In section 5 we sketch an approach to field theories on a disc based on the fuzzy approximation. Although the construction is well suited for Montecarlo techniques, the correlation of a free massless scalar field can be solved analytically giving the Green’s function in terms of the inverse of a matrix. We calculate it numerically and compare it with the exact case. The final section contains conclusions and outlook. Some technical details of calculations are in the appendix A.

2. The noncommutative plane as a matrix algebra

We start from functions on R^2 , with coordinates x and y. Consider this plane to be like a ‘quantum phase space’, that is that we “quantize” x and y and give them a nontrivial commutator: [x̂, ŷ] = i θ 2 . (2.1)

1In case the field theory under consideration is a nonabelian theory there can of course be other sources of noncommutativity which will remain. It is also possible (depending on the limit taken) to describe theories on noncommutative spaces.

– 2 –

It is convenient to consider the plane as a complex space with z = x + iy. The quantized versions of z and z̄ are the usual annihilation and creation operators, a = x̂ + iŷ and a^† = x̂ − iŷ with a slightly unusual normalization, so that their commutation rule is

[a, a^†] = θ . (2.2)

The parameter θ, which has the dimensions of a square length, plays the role of ℏ, but it has no physical meaning, much like the distance between sites in a lattice approximation.

This “quantization” associates operators to functions. There are however ambiguities in this association and in order to give a unambiguous procedure we introduce a map which associates an operator on an Hilbert space to a function on the plane. This is a quantization procedure and it was essentially introduced by Weyl long ago [22]. Given a function on the plane we define a map Ω_θ which to the function φ(z, z̄) associates the operator φ̂ defined as follows. Given the function φ(z̄, z) consider its Taylor expansion: φ(z̄, z) = ∞∑ m,n=0 φ^{Tay}_{mn} z̄^mz^n , (2.3)

to this function we associate the operator

Ω_θ(φ) := φ̂ = ∞∑ m,n=0 φ^{Tay}_{mn} a^{†m}a^n , (2.4)

thus we have “quantized” the plane using a normal ordering prescription. To be precise this map is not the one introduced by Weyl (which associates hermitian operators to real functions) but can be cast in the same language since

Ω_θ(φ) = ∫ d^2u 2πθ φ̃(ū, u) e^{ua†/θ}e^{−ūa/θ} , (2.5) where φ̃(ū, u) is the Fourier transform of φ.

Because of the similarity of its integral expression to the standard Weyl map we will also refer to it as the weighted Weyl map. The map Ω_θ is invertible. Its inverse is a variation of the Wigner map [23] (the inverse of the Weyl map). It can be efficiently expressed defining the coherent states: a |z⟩ = z |z⟩ , (2.6) then it results Ω^{−1}_θ (φ̂) = φ(z̄, z) = ⟨z| φ̂ |z⟩ . (2.7) There is another useful basis on which it is possible to represent the operators. Consider the number operator N = a^†a , (2.8) and its eigenvectors which we indicate^2 by |n⟩: N |n⟩ = nθ |n⟩ . (2.9) 2There is a possible notational confusion here. While it is true that the coherent state for z = 0 is the same as the eigenvector of N with zero eigenvalues, it is not true that the coherent state |z⟩ |z=n is the same as |n⟩. Since we never consider coherent states with integer values we refrain from the introduction of another symbol for the eigenvectors of N.

– 3 –

We can then express the operators within a density matrix notation:

φ̂ = ∞∑ m,n=0 φ_{mn} |m⟩ ⟨n| . (2.10) The elements of the density matrix basis have a very simple multiplication rule: |m⟩ ⟨n| p⟩ ⟨q| = δ_{np} |m⟩ ⟨q| . (2.11) The connection between the expansions (2.4) and (2.10) is given by: a = ∞∑ n=0 √ (n + 1) θ |n⟩ ⟨n + 1|

a^† = ∞∑ n=0 √ (n + 1) θ |n + 1⟩ ⟨n| . (2.12)

Some useful conversion formulas are collected in appendix A. Note that with our conventions x, y, z, a and a^† have the dimension of a length, N and θ those of a length square, while density matrices are dimensionless. Applying the dequantization map (2.7) to the operator φ̂ in the number basis we obtain for the function φ a new expression, analogous to the Taylor expansion (2.3) in terms of the coefficient φ_{nm}, that is φ(z̄, z) = e^{− |z|} 2 θ ∞∑ m,n=0 φ_{mn} z̄^mz^n √ n!m!θ^{m+n} , (2.13)

where we used the expression (A.3). The ordinary Wigner map of these density matrix elements (the Wigner functions) can be found in [24].

The maps Ω_θ and Ω^{−1}_θ yield a procedure of going back and forth from functions to operators. Moreover, the product of operators being noncommutative, a noncommutative ∗ product between functions is implicitly defined as ( φ ∗ φ^′ ) (z̄, z) = Ω^{−1}_θ ( Ω_θ(φ) Ω_θ(φ^′) ) . (2.14)

This product (which is a variation of the Moyal-Grönewold product [25] at the basis of deformation quantization) was first introduced by Voros [26]. Its differential expression is ( φ ∗ φ^′ ) (z̄, z) = e^{θ∂z̄′ ∂z′′} φ(z^′)φ(z^{′′}) | | z=z^′=z^{′′} = φφ^′ + θ∂_{z̄}φ∂_zφ^′ + O(θ2) . (2.15)

We will indicate the algebra of functions on the plane with this product as A_θ.

In the density matrix basis, because of (2.11), the product (2.15) simplifies to an infinite row by column matrix multiplication: ( φ ∗ φ^′ ) mn = ∞∑ k=0 φ_{mk}φ^′_{kn} . (2.16)

Although the map Ω_θ is not defined for θ = 0, using equation (2.15), it is easy to see that, when θ → 0, the ∗ product goes to the ordinary commutative product. A word

– 4 – of caution, the various maps and products defined here have domains and ranges which are not identical. While the standard Weyl map maps Schwarzian functions into Hilbert Schmidt operators, for the weighted Weyl map (2.4) this is not always the case.

Using relation (A.3) or directly (2.13) it is easy to see that also: ∫ d^2z φ(z̄, z) = πθ Tr Φ = πθ ∞∑ n=0 φ_{nn} , (2.17)

where we have introduced the matrix Φ with components φ_{nm}.

3. The fuzzy disc subalgebra

The main point of the previous section is that the map Ω_θ and its inverse provide a manner to associate to each function, φ, an infinite dimensional matrix Φ. The price to pay is that the commutative product of functions gets deformed through a parameter θ. In this section we define the subalgebras (with respect to the Voros ∗ product) of finite N×N matrices. Considering the functions whose expansion (2.13) terminates when either n or m is larger than a given integer N, it is immediate to see that these functions are closed under ∗ multiplication. In the limit of N → ∞, with θ fixed, the noncommutative plane is recovered.

The subalgebra can be obtained easily from the full algebra of functions via a projection using the idempotent function introduced in a similar context by Pinzul and Stern [20]:

P^N_θ = N∑ n=0 ⟨z| n⟩ ⟨n| z⟩ = N∑ n=0 r^{2n} n!θ^n e^{− r2θ} , (3.1)

where we have used the polar decomposition of z = re^{iϕ} and (A.3). The finite sum may be performed thus yielding

P^N_θ =

Γ(N + 1,^{r2}_θ )

Γ(N + 1)

, (3.2)

where Γ(n, x) denotes the incomplete gamma function. In this notation it is then clear that, in the limit N → ∞ and θ → 0 with

R^2 ≡ Nθ (3.3)

fixed, the sum converges to 1 if r^2/θ < N (namely r < R), and converges to 0 otherwise. It has cylindrical symmetry since ϕ does not appear. For N finite the function vanishes exponentially for r larger than R (see figure 1).

Already for N = 10^3 it is well approximated (see figure 2) by a step function. The function P^N_θ is a projector of the algebra of functions on the plane with the ∗ product:

P^N_θ ∗ P^N_θ = P^N_θ , (3.4)

and the subalgebra A^N_θ is defined as

A^N_θ = P^N_θ ∗ A_θ ∗ P^N_θ . (3.5)

– 5 –

Figure 1: The function P^N_θ for N = 10^2. Figure 2: Profile of the spherically symmetric function P^N_θ for the choice R^2 = Nθ = 1 and N = 10, 10^2, 10^3. As N increases the step becomes sharper.

Cutting at a finite N the expansion provides an infrared cutoff. The cutoff is fuzzy in the sense that functions in the subalgebra are still defined outside the cutoff, but are exponentially damped. For example a gaussian of width θ (corresponding to the element |0⟩ ⟨0|) when projected, is mapped into itself, and is nonzero on the whole plane. The map for a normalized gaussian centred around the origin but with width α > θ also shows the infrared cutoff. Let us investigate the effect of P^N_θ on some functions. We use the notation

Π^N_θ (φ) ≡ P^N_θ ∗ φ ∗ P^N_θ = ∞∑ m,n=0 φ_{mn}e^{− |z|} 2 θ z̄^mz^n √ m!n!θ^{m+n} (3.6)

and talk of “fuzzy functions” for the projected functions so that P^N_θ = Π^N_θ (1) is the fuzzy identity. At the level of operators P^N_θ corresponds to the projector

P̂^N_θ = N∑ n=0 |n⟩ ⟨n| . (3.7) We call fuzzy disc the space corresponding to the algebra A^N_θ , which is isomorphic to the algebra of N + 1 × N + 1 matrices. This, as a matrix algebra, is the same as the one for the fuzzy torus, the fuzzy disc and any fuzzy spaces in general. In [27] the fuzzy sphere is indeed obtained with the use a projector on the Voros algebra of R^3 . What makes it a disc are the way to take the correlated limit of θ and N keeping the dimensionful quantity R fixed, which we now pass to describe, and the extra structures we will discuss in section 4.

The limit discussed here must be understood in an heuristic sense, since the algebra of functions on the disc is not approximatively finite one would have to consider it in a weak sense, like the way it is done in [28]. A more rigorous analysis on the line of what is done in [29] would also be desirable. It must also be noted that different ways to take the limit give different commutative or noncommutative spaces, as discussed for example in [30, 19].

We first calculate the effect of the projector on a rotationally symmetric gaussian centred at the origin of width α. Any cylindrically symmetric function φ(r) has a simple

– 6 –

Figure 3: Profile of the spherically symmetric function Π^N_θ

(_1 πα e^{− r2α} ) for the choice R^2 = Nθ = 1, N = 10^3 and for various choices of α compared with the unprojected function. Both functions are plotted, although inside the disc they are practically indistinguishable. The unprojected function is always the larger one.

expansion: φ(r) = e^{− r2θ} ∞∑ n=0 φ_n r^{2n} θ^nn! , (3.8)

where φ_n can be calculated from (A.4). In particular for the normalized gaussian φ(r) = 1 πα e^{− r2α} (3.9)

we have φ_n = 1 πα ( 1 − θ α )_n , (3.10)

and the series can be summed to give

Π^N_θ (φ(r)) = e^{− r2θ} N∑ n=0 φ_n r^{2n} n!θ^n = e^{− r2α} Γ ( N + 1, r^2

(_1 θ −^1_α )) παΓ(N + 1)

. (3.11)

The map Π^N_θ is just an infrared cutoff which in the limit becomes sharper and sharper. Equation (3.11) is plotted in figure 3 for θ < α.

Things are very different if we try to localize the function at a distance smaller than √ θ. Figure 4 shows what happens in such a case: for the larger value, α = .6θ, the projected function is undistinguishable from the exact function (both are actually plotted in the figure). For the middle value, α = .5θ, with our numerical approximations, a small “bump” at r = R appears. Already for α = .49θ the ’bump’ has become a large gaussian sitting at the infrared cutoff; the part close to the origin is still there, but it is quickly dwarfed by the infrared bump which grows very fast. For α ∼ .4 it is already of the order of 10^{17}. Keeping α fixed and increasing N, with R fixed, the bump disappears. The reason for this behaviour is that the factors φ_n in (3.10) become negative and smaller than −1. Therefore the individual terms of the series become larger and larger. Keeping the whole series provides cancellations which do not happen truncating the series at a finite value. In fact the bump becomes negative for N odd. This is a reflection of the fact that, with the weighted Weyl map, the operator corresponding to the Schwarzian function (3.9) with α ≤ θ/2 is not compact, and hence it cannot be approximated by finite rank matrices.

– 7 –

Figure 4: Profile of the spherically symmetric function Π^N_θ

(_1 πα e^{− r2α} ) for the choice R^2 = Nθ = 1, N = 10^2 and for various choices of α.

Figure 5: The edge states φedge for N = 10 and N = 100.

In general the function φ is close to Π^N_θ (φ) if it is mostly supported on the disc of radius R (otherwise it is simply exponentially cut) and if it does not have oscillations of wavelength smaller than √ θ. In this case the function becomes very large on the boundary.

This is a compact example of the ultraviolet-infrared mixing [31] which is one of the most interesting characteristics of noncommutative geometry. If we try to localize too much the function, unavoidably an infrared divergence on the boundary of the disc appears.

There are however functions which are localized sharply near the edge of the disc. These are the edge states [32] which play an important role in Chern-Simons theory and have been introduced in these matrix models by A.P. Balachandran, K. Gupta and S. Kürkçüoǧlu in [21], and the discussion presented here is inspired by this work. The edge states are simply given by the highest one-dimensional projector:

φedge = 1 θ ⟨z| N⟩ ⟨N| z⟩ = e^{− r2θ} r^{2N} θ^{N+1}N!

. (3.12)

They are plotted in figure 5 for N = 10 and N = 100. It is evident that as N increases they become sharper.

4. Fuzzy derivatives and fuzzy laplacians

So far we have defined a projection from functions on the plane to a finite dimensional algebra of N×N matrices and discovered that, with an appropriate choice of N and θ we obtain a good approximation of functions supported on a disc. But, in the spirit of

– 8 – noncommutative geometry, if we want to talk of geometry, we have to define a Dirac operator or a laplacian which give the metric properties of the system [1]. To define derivatives thus we define a pair of operators which act on the same space as the elements of A^N_θ . Their commutators with a function define what we usually call the derivatives of a function. Of course we require that in the limit these two derivations converge to the usual derivatives of the disc. Combining them with γ matrices would give the Dirac operator. To avoid discussing fermions we will concentrate on the laplacian.

The starting point to define the matrix equivalent of the derivations is: ∂_zφ = 1 θ ⟨z| [a^†, Ω_θ(φ)] |z⟩ ∂_{z̄}φ = 1 θ ⟨z| [a, Ω_θ(φ)] |z⟩ . (4.1) The above expression is exact. Acting on an element of the subalgebra A^N_θ the derivative takes the functions out of the algebra, a phenomenon not uncommon in noncommutative geometry. However ∂_z(A^N_θ ) ⊂ A^{N+1}_θ (4.2) analogously for ∂_{z̄}, so that the derivatives of functions of the subalgebra can still be considered finite matrices. Notice that

∂_zΠ^N_θ (φ) ≠ Π^N_θ (∂_z φ) , (4.3)

the equality obviously holding in the limit. We will use ∂_z Π^N_θ (φ) to define the laplacian below.

The fact that we keep a and a^† operators on the full space (hence they are still infinite matrices) is crucial for the identification of the algebra of N + 1 × N + 1 matrices with the approximation to the disc. If we were just to truncate the matrices a and a^†, their commutator would not be proportional to the identity. For the fuzzy torus the derivations cannot be expressed as commutators, while for the fuzzy sphere there are three derivations which are not however independent, but are connected by a Casimir. This goes just to say that the same algebra, with different structures, can approximate different spaces.

Rotations are well defined, in fact the generator of rotations on the fuzzy disc is nothing but the number operator N introduced in (2.8) which commutes with P̂^N_θ just as the generator of rotations on the ordinary disc, the angular momentum operator ∂_ϕ, commutes with P^N_θ . Just as the fuzzy sphere maintains the invariance group of the sphere, the fuzzy disc retains the fundamental symmetry of the disc.

Note that the eigenvalue equations 1 θ [a, φ] = λφ 1 θ [a^†, φ] = λφ (4.4)

have no solution in the space of N + 1 × N + 1 matrices, just as in the commutative case translations on the disc have no eigenvectors. Nevertheless the fuzzy laplacian

^∇^2φ̂ := 4 θ^2 [a, [a^†, φ]] = 4 θ^2

[a^†, [a, φ]] (4.5)

– 9 –

Figure 6: The first eigenvalues of the laplacian on the disc (dots) and the fuzzy laplacian (solid lines) for N = 5, 10, 15. The lines corresponding to the three cases can be distinguished because the agreement with the exact case improves as N grows. In the figure on the right the curve which interrupts is the one corresponding to N = 5, for which there are only 36 eigenvalues.

can be defined. In particular consider the following matrix model: S = 1 2πθ ∫ d^2z φ^∗ ∗ (∇^2φ) = Tr Φ^†_{mn} ( ∇^2 ) mnpq Φpq , (4.6) where ( ∇^2 ) mnpq is implictly defined by (4.5). It is an operator acting on a finite space of

dimension (N + 1)^2, and its eigenvalues can be calculated and compared with the exact commutative case.

As is well known the eigenfunctions of the laplacian on a disc with Dirichlet boundary conditions are the Bessel and the Neumann functions of integer order multiplied by exp(imϕ). The eigenvalues, E_{mn}, are related to the zeroes of these functions. More precisely, we have E_{mn} = (zeroes R )_2

. (4.7)

In figure 6 we show a comparison between the eigenvalues for the exact and approximate laplacians for three values of N. The agreement is fairly good, a fuzzy drum sounds pretty much like a regular drum. Discrepancies start occurring for the 4N^{th} eigenvalues, this is to be expected because 4N/R^2 = 4/θ is the energy cutoff of the theory^3. Most of the eigenvalues (but not all) of the fuzzy laplacian are doubly degenerate, but the unmatched ones become sparser as N increases.

5. Free field theory on the fuzzy disc: Green’s functions

The formalism we have developed lends itself readily for matrix approximations to field theories on a disc. For the real scalar case described by the action S = ∫ d^2z φ∇^2φ + m^2 2 φ^2 + V (φ) , (5.1)

we consider the fuzzy action

S^2_θ = 1 π Tr Φ ^∇^2Φ + m^2 2 Φ^2 + V (Φ) . (5.2)

3We use units for which ℏ = c = 1

– 10 –

Figure 7: Comparison between the Green’s function G(z, z^′) as function of z for z^′ = i/2. On the left the exact function (with the singularity at z = z^′ truncated), on the right the approximated function for N = 20.

We stress that this is an action entirely of finite dimensional matrices, which can be approached numerically, using for example Montecarlo techniques, a method currently in use for other fuzzy spaces [12, 13, 14]. Here we will content ourselves in calculating the two points Green function for the free massless scalar theory. In this case the path integral may be performed yielding just the inverse of the laplacian with Dirichlet boundary conditions which we have calculated in section 4: ⟨ φ(z̄, z)φ(z̄^′, z^′) ⟩ = G(z, z^′) = ⟨z| (∇^2)^{−1} | |z^′⟩ . (5.3)

In the continuous theory on the disc this can be calculated exactly using standard techniques of classical electrodynamics(see for example [33]) yielding G(z, z^′) = 1 2π ln |z − z^′| |z^′|z| − z|z|^{−1}| . (5.4)

The fuzzy approximation is

G^{(N)}_θ (z, z^′) = 4 N∑ m,n,p,q=0 e^{− |z|2+|z′|2}θ (∇^{−2})_{mnpq}z̄^pz^qz^{′m}z̄^{′n} √ p!q!m!n!θ^{m+n+p+q} . (5.5)

This expression can be evaluated numerically. In figures 7 and 8 we show a comparison between the exact Green function on the disc (5.4) and (5.5).

The agreement is, in our opinion, quite remarkable already for a limited number of points. The logarithmic divergence ha been smoothened by the ultraviolet cutoff, but apart from that the two functions are quite similar. The choice of different values of z^′ gives similar pictures.

6. Conclusions and outlook

We have seen as the fuzzy approximation to the disc works fairly well for the calculations we have attempted, which were based on the structure of the algebra and on the laplacian.

– 11 –

Figure 8: The density plot of the Green’s functions with the same parameters as in figure 7. The exact function is on the left.

The first conclusion that can certainly be drawn is that the fuzzy disc, as a drum, sounds very much like a commutative disc even with an approximation based on relatively small matrices. We performed only one exact analytical calculation as a comparison with the continuum case, but the method can be extended to more involved calculations where it can be a very useful tool. Although the approximation is finite the resulting (fuzzyfied) functions, correlation functions etc. are defined for all points on the disc, and rotational invariance is maintained, thus enabling better comparisons with the continuum theory.

Even though the main stress of this paper has been on the numerical approximations, the fuzzy disc is also an interesting object from the mathematical point of view, and its setting on a more rigorous footing would not only have an intrinsic value, but also help understanding the role of the limits in the approximation of field theory and renormalization.

Acknowledgments

We thank A.P. Balachandran, B. Dolan, G. Immirzi, G. Landi, G. Marmo, X. Martin, D. O’Connor, P. Presnajder, R. Szabo, A. Stern and J. Varilly for useful discussions. In particular D. O’Connor’s questions on the spectrum of the laplacian and G. Landi’s on the nature of the subalgebra helped very much the sharpening of our ideas. We especially thank A.P. Balachandran, K, Gupta and S. Kürkçüoǧlu for communicating to us their work before publication, and for sharing with us their thoughts. This work has been supported in part by the Progetto di Ricerca di Interesse Nazionale SInteSi.

A. Conversions between different bases

In this section we collect some useful conversions formulas between the various bases. They are all standard expressions, but care has to be taken because of the nonstandard

– 12 – commutation relation (2.2). The resolutions of the identity are 1 = ∞∑ n=0 |n⟩ ⟨n| = 1 πθ ∫ d^2z |z⟩ ⟨z| . (A.1) Coherent states are an overcomplete basis and they are not orthogonal, their inner product is: ⟨z| z^′ ⟩ = e^{− |z|} 2+|z′|2−2z̄z′ θ , (A.2)

while the inner products between a coherent state and an eigenstate of N are given by: ⟨z| n⟩ = e^{− |z|} 2 2θ z̄^n √ n!θ^n ⟨n| z⟩ = e^{− |z|} 2 2θ z^n √ n!θ^n . (A.3)

Known φ^{Tay}_{mn} is possible to calculate φ_{mn} from

φ_{lk} = min(l,k) ∑ q=0 φ^{Tay}_{l−q k−q} √ l!k!θ^{l+k} θ^qq! , (A.4)

while the converse is given by

φ^{Tay}_{mn} = min(n,m) ∑ p=0 (−1)^pφ_{m−p n−p} p! √ (m − p)!(n − p)!θ^{m+n} . (A.5)

References

[1] A. Connes, Noncommutative geometry, Academic Press, New York 1994.

[2] G. Landi, An introduction to noncommutative spaces and their geometry, hep-th/9701078.

[3] J. Madore, An introduction to noncommutative differential geometry and its physical applications, Lect. Not. series Lond. Math. Soc. 206, Cambridge University Press Cambridge 1995.

[4] J.M. Gracia-Bondia, J.C. Varilly and H. Figueroa, Elements of noncommutative geometry, Birkhauser, Boston 2000.

[5] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[6] H. Grosse and A. Strohmaier, Noncommutative geometry and the regularization problem of 4d quantum field theory, Lett. Math. Phys. 48 (1999) 163 [hep-th/9902138].

[7] S. Ramgoolam, Higher dimensional geometries related to fuzzy odd-dimensional spheres, J.

High Energy Phys. 10 (2002) 064 [hep-th/0207111]; On spherical harmonics for fuzzy spheres in diverse dimensions, Nucl. Phys. B 610 (2001) 461 [hep-th/0105006].

[8] A.P. Balachandran and G. Immirzi, Fuzzy Nambu-Goldstone physics, hep-th/0212133;

A.P. Balachandran, B.P. Dolan, J.-H. Lee, X. Martin and D. O’Connor, Fuzzy complex projective spaces and their star-products, J. Geom. Phys. 43 (2002) 184 [hep-th/0107099];

– 13 –

A.P. Balachandran, X. Martin and D. O’Connor, Fuzzy actions and their continuum limits, Int. J. Mod. Phys. A 16 (2001) 2577 [hep-th/0007030];

J. Medina and D. O’Connor, Scalar field theory on fuzzy S^4, hep-th/0212170; G. Alexanian, A.P. Balachandran, G. Immirzi and B. Ydri, Fuzzy CP_2, J. Geom. Phys. 42 (2002) 28 [hep-th/0103023].

[9] L.C. de Albuquerque, J.L. deLyra and P. Teotonio-Sobrinho, Fluctuating dimension in a discrete model for quantum gravity based on the spectral action, Phys. Rev. Lett. 91 (2003) 081301 [hep-th/0305082].

[10] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Lattice gauge fields and discrete noncommutative Yang-Mills theory, J. High Energy Phys. 05 (2000) 023 [hep-th/0004147]; Nonperturbative dynamics of noncommutative gauge theory, Phys. Lett. B 480 (2000) 399 [hep-th/0002158]; Finite n matrix models of noncommutative gauge theory, J. High Energy Phys. 11 (1999) 029 [hep-th/9911041].

[11] F. Bazzocchi, M. Cirafici, C. Maccaferri and S. Profumo, Matrix models of noncommutative (2d+1) lattice gauge theories, hep-th/0211060.

[12] J. Ambjørn and S. Catterall, Stripes from (noncommutative) stars, Phys. Lett. B 549 (2002) 253 [hep-lat/0209106].

[13] W. Bietenholz, F. Hofheinz and J. Nishimura, Non-commutative field theories beyond perturbation theory, Fortschr. Phys. 51 (2003) 745 [hep-th/0212258]; J. Nishimura and M.A. Vazquez-Mozo, Lattice perturbation theory in noncommutative geometry and parity anomaly in 3d noncommutative qed, J. High Energy Phys. 01 (2003) 075 [hep-lat/0210017].

[14] B.P. Dolan, D. O’Connor and P. Prešnajder, Matrix models on the fuzzy sphere,

hep-th/0204219;

A.P. Balachandran, X. Martin and D. O’Connor, Fuzzy actions and their continuum limits, Int. J. Mod. Phys. A 16 (2001) 2577 [hep-th/0007030].

[15] E. Langmann, R.J. Szabo and K. Zarembo, Exact solution of noncommutative field theory in background magnetic fields, Phys. Lett. B 569 (2003) 95 [hep-th/0303082].

[16] R. Wulkenhaar, Quantum field theories on noncommutative R^4 versus theta-expanded quantum field theories, hep-th/0206018.

[17] A.P. Polychronakos, Quantum Hall states as matrix Chern-Simons theory, J. High Energy Phys. 04 (2001) 011 [hep-th/0103013]; Quantum Hall states on the cylinder as unitary matrix Chern-Simons theory, J. High Energy Phys. 06 (2001) 070 [hep-th/0106011].

[18] V.P. Nair and A.P. Polychronakos, On level quantization for the noncommutative Chern-Simons theory, Phys. Rev. Lett. 87 (2001) 030403 [hep-th/0102181].

[19] A. Pinzul and A. Stern, W-infinity algebras from noncommutative Chern-Simons theory, Mod. Phys. Lett. A 18 (2003) 1215 [hep-th/0206095]; A new class of two-dimensional noncommutative spaces, J. High Energy Phys. 03 (2002) 039 [hep-th/0112220]; G. Alexanian, A. Pinzul and A. Stern, Generalized coherent state approach to star products and applications to the fuzzy sphere, Nucl. Phys. B 600 (2001) 531 [hep-th/0010187].

[20] A. Pinzul and A. Stern, Absence of the holographic principle in noncommutative Chern-Simons theory, J. High Energy Phys. 11 (2001) 023 [hep-th/0107179].

– 14 –

[21] A.P. Balachandran, K.S. Gupta and S. Kürkçüoǧlu, Edge currents in non-commutative Chern-Simons theory from a new matrix model, J. High Energy Phys. 09 (2003) 007 [hep-th/0306255].

[22] H. Weyl, The theory of groups and quantum mechanics, Dover 1931.

[23] E.P. Wigner, On the quantum correction for thermodynamic equilibrium, Phys. Rev. 40 (1932) 749.

[24] M.S. Bartlett and J. Moyal, The exact transition probabilities of quantum-mechanical oscillators calculated by the phase-space method, Proc. Camb. Phil. Soc. 45 (1949) 545; J.P. Dahl, , Phys. Scripta 25 (1982) 449;

T. Curtright, T. Uematsu and C.K. Zachos, Generating all wigner functions, J. Math. Phys. 42 (2001) 2396 [hep-th/0011137].

[25] H. Grönewold, On principles of quantum mechanics, Physica 12 (1946) 405;

J.E. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949) 99.

[26] A. Voros, Wentzel-Kramers-Brillouin method in the Bargmann representation, Phys. Rev. A 40 (1989) 6814.

[27] A.B. Hammou, M. Lagraa and M.M. Sheikh-Jabbari, Coherent state induced star-product on R^3_λ and the fuzzy sphere, Phys. Rev. D 66 (2002) 025025 [hep-th/0110291].

[28] G. Landi, F. Lizzi and R.J. Szabo, From large-N matrices to the noncommutative torus, Commun. Math. Phys. 217 (2001) 181 [hep-th/9912130].

[29] M.A. Rieffel, Matrix algebras converge to the sphere for quantum Gromov-Hausdorff distance, [math.OA/0108005]; Gromov-Hausdorff distance for quantum metric spaces, [math.OA/0011063].

[30] C.-S. Chu, J. Madore and H. Steinacker, Scaling limits of the fuzzy sphere at one loop, J.

High Energy Phys. 08 (2001) 038 [hep-th/0106205];

S. Vaidya and B. Ydri, On the origin of the UV-IR mixing in noncommutative matrix geometry, hep-th/0305201; New scaling limit for fuzzy spheres, hep-th/0209131.

[31] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, J.

High Energy Phys. 02 (2000) 020 [hep-th/9912072].

[32] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) 351;

G.W. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220 (1989) 422; S. Elitzur, G.W. Moore, A. Schwimmer and N. Seiberg, Remarks on the canonical quantization of the Chern-Simons-Witten theory, Nucl. Phys. B 326 (1989) 108; A.P. Balachandran, G. Bimonte, K.S. Gupta and A. Stern, The Chern-Simons source as a conformal family and its vertex operators, Int. J. Mod. Phys. A 7 (1992) 5855 [hep-th/9201048].

[33] V.I. Smirnov, A course of higher mathematics, I.N. Sneddon ed., Pergamon Press 1964.

– 15 –